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Abstract : An exactly solvable model which is similar to anharmonic oscillator in which the 
anhaimonic term is negative, is given It is shown how to choose the correct boundary condition at 
r —> oo so that the quasibound state is of decaying type Explicit expressions for the real part of the 
complex energy and width are obtained when a paramctei in the potential is taken to he large It is 
shown that the ordinary perturbation theory giyes conect value of the real part of complex energy 
when the width of the state is small compared to the real part of the complex energy.
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In the study of atomic, molecular and nuclear physics, one frequently encounters quantum 
mechanical states which are not truly stationary. Examples are perturbed harmonic oscillator 
in which is not positive | I,2J or the hydrogen atom perturbed by an electric field [3,4j. 
The exact wave function of such systems docs not go to zero at infinity but becomes 
oscillatory at large distances. In the application of perturbation theory to such systems, one 
uses the unperturbed wave functions of bound state systems which give fairly accurate values 
of the perturbed state. The purpose of the present work is to construct an exactly solvable 
model for such problems and see under what conditions the perturbation theory should be 
expected to give fairly accurate results even though one is using the wave functions which do 
not satisfy the correct boundary conditions.
We describe the essential formulation in Section 2. The usual perturbative treatment 
will be given in Section 3. The concluding remarks are presented in Section 4.
The radial Schrodingcr equation for the s wave is written as
1 cP'u
--------r- + V(r )u( r )  = E u (r \
2 dr^
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(1)
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where u satisfies the boundary condition m{a*) = 0 at the origin r = 0 . 
Consider a potential V(r) which is given by
V{r) = 0 < r < a,
a ah
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V(r) = - ■r -f
2{b-a)  2{b-a)
, r > a, b > a.
(2a)
(2b)
Before we proceed to solve eq. (1) with the potential given by (2), we remark that 
potential (2) describes fairly well the situation, for example, of the anharmonic oscillator in 
which the anharmonic term is negative.
In the internal region 0 < r< a, eq. {\) becomes
d^u
dr
Y -  { r -2E)u  = 0. (3)
The exact solution u(r) of this equation is a linear combination of Airy's functions [5] Ai, Bi 
and is given by
M(r) = A Ai(r^2E) + .6 Bi{r-2E), (4)
where A and B are constants. To determine the constants, one has to match this solution to 
the solution outside r> a. the potential in the external region is given by (2b), this solution 
u^r) is given by
= A.Ai
+ B^Bi
1 (  ^ ab
'  X b - a
1  ^ a ab
“ X / -r[ ^ b - a  b - a
+ 2E
+ 2E (5)
where A =
a ^3
b - a
and A |, Bi are constants.
Let us now apply the boundary condition to (5) when r Using the asymptotic
form for Ai, Bi, we find that one has to take
Ai = /Bi, (6)
if the solution is of outgoing type. With the relation (6), the asymptotic form of M/.<r) is 
given by
X-l/4
Up(r) n “ i/2
ar
X ( b - a )
2 k
B, exp
3/2
exp
3 {X(b-^a)
(7)
The tuct thcit this is the correct boundary condition will be confirmed later when we 
calculate the width Fof  the stale. The sign of F  will be such that it will imply a decaying stale. 
Matching the interna] and external solutions at r = a give
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A A'i(a-2E) + B Bi(a-2E) = iAi\ --(a-2E) 
A + Bi\ -^{a-2E) (6a)
A A i \ a - 2 E )  + B B i \ a - 2 E )  = - -----------B,A(b-a)
iAi'
1
- ia - 2E)
+ Br  [ ^ { a - 2 E ^ (6b)
The complex eigenvalue E is completely determined using above conditions (6) and 
the boundary condition at r = 0 , which is given by
.4 A i (-2E )+ B  B i (-2 E) = 0. (7)
In order to find an explicit expression for the complex energy £, we take
/? = a + ( )^
<3 »  1.
This is also the region for which perturbation theory works very well as will be 
shown later.
Using eqs. (6a), (6b) and (8) one can show that 
B
7
' exp
/ 4 /
-h -e x p
f A \ _ 1 «V2
1 3 j 4 1 -3  ; (9 )
Writing £■ = Eq -  iP and putting expression (9) in expression (7), wc get for large 
values of ci,
I 1 ,
-  j-'o  -
where, Xq is the first zero of At (—x) = 0. Its value being 2.34. The quantity 5 is given by
S ^  _ f:£Y
( a J A l'(-Xy)’
where j is the real part of j  .
The expression for the width P  turns out to be 
b y  B i(-2£o)
( 10)
(II)
/ { e^
^  ~ " ( a J 2A /'(-2£o)
where j is the imaginary part of •
( 12 )
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Since both and are positive while Bi(-2€^) is negative, the width F  is
positive implying that the quasibound state is of decaying type. This shows that the boundary 
condition at r —> co is correctly chosen.
Another point to note is that the width F  is much smaller than the real part £ of the 
complex energy.
In this section we would like to discuss the application of Rayleigh-Schrodinger 
perturbation theory to calculate the real part of the complex energy E using the unperturbed 
wave functions which satisfy the boundary condition at r —> <» for the bound states. For this 
purpose we write the unperturbed hamiltonian
j21
------------- ^" 2 dr^
1
+ — r, 0 < r < 
2
and the perturbation as 
a -+■ I
2a
-(-r-f-a), r > a.
The unperturbed ground state mq is then given by
where N is the normalization constant.
The real part of the complex energy E upto first order is then given by
1 « + > Jr=0 -  -^ 0 )(-'■ + «)
2a f drAi^( r -x^)  
Jr=o
Taking a to be large as was done earlier, this gives
-1
J dr Ai^(r -  x^) exp£,. = — jc ~ -----
 ^ 2  ^ 32;r
3/2 >1
(13)
(14)
(15)
(16)
(17)
Comparing (17) with the expression for £0 which is given by combining (9), (10), (11) we 
find that the dependence of £0 on the perturbation parameter a is the same in both the cases. 
Thus ordinary perturbation theory can be used to calculate the real part of the complex energy 
when the width F  is small.
The exact eigenvalue of a quasibound state is given using a simplified form of the 
radial potential. The wave function satisfies the correct boundary condition at r —» <» for a 
decaying state. This is confirmed by calculating the width of the state which shows that the 
state is of decaying type. By choosing a parameter in the potential to be large, algebraic 
expressions have been obtained for the real and imaginary parts of the complex energy. Using
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these results we have shown explicitly that ordinary perturbation theory gives the real part of 
the complex energy correctly even though in this calculation one uses unperturbed wave 
functions which satisfy the usual boundary condition of the bound states at infinity. This is 
the case where the width F of the decaying state is much smaller than the real part of the 
complex energy. What this implies is that the wave function over a large distance resembles to 
the one of the bound state problem.
References
111 J Kilhngbcck, M N Jones and M J Thomson J J'/iv.s A18 793 (1985)
12| J E Drummond 7 /'/ivA AI5 2321 (1982)
|3| J Killingbcck PIm Ull 65A 180(1978)
HI E J Austin Mol PIm 40 893 (1980)
|5| M AbromowU/, and I Sicgun (eds) Himdhook ol Mulhmolkol Pwu lioii\ (New York Dovei) (1965)
